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A REMARK ON THE SEQUENCE DEFINED BY THE
NONHOMOGENEOUS LINEAR DIFFERENCE EQUATION
SERGEI KAZENAS
Abstract. In this short paper, a formula for the sequence defined by the non-
homogeneous linear difference equation with variable coefficients is presented.
A connection with the homogeneous case is shown.
Consider the sequence
(
w1, w2, ...
)
recursively defined by the equation:
wn = cn +
n−1∑
j=0
an,jwj , (1)
where w0 is an arbitrary number;
(
c1, c2, ...
)
and
(
a1,0, a2,0, a2,1, ...
)
are arbitrary
number sequences. A similarly defined recursive sequence was studied by Mallik in
[2], for example. Here, the reasoning that was introduced in [1] is utilized.
In order to present the result, it is convenient to treat the coefficients an,j as
values of a function ax,y such that an,j = ax,y|x=n,y=j.
Proposition 1. If wn is defined by (1), then
n∑
j=0
wj = cn + w0Φnax,y +
n−1∑
ℓ=1
cℓΦn−ℓax+ℓ,y+ℓ, (2)
where Φn = Φn;x,y are operators that act on space of functions of two variables and
defined by the rule:
Φn;x,yfx,y
def
=
2n∑
j=1
n−1∏
k=0
(1 + [2k, 2k]j(fk+1,log
2
⌈1+(j−1) mod 2k⌉ − 1))
= 1 +
n∑
m=1
∑
16k1<...<km6n
fk1,0
m∏
i=1
fki,ki−1 .
Proof. Using the reasoning and the lemma from [1], we construct vectors wn such
that |wn|1 =
∑n
j=0 wj :
wn = un(12 × wn−1) + cn
= (12n−1 × w1)
n∏
k=2
(12n−k × uk) +
n∑
i=2
(12n−i × ci)
n∏
k=i+1
(12n−k × uk),
where w1 =
(
w0, c1 + a1,0
)
, ci = ci(02n−1`11), uk = 12k−1 `
(
ak,⌈log
2
i⌉
)2k−1
i=1
.
Next, we should replace each of the expressions 12n−1 , 12n−k , 12n−i by 1∞ and
take the first 2n elements of the resulting vector. Finally, the transition to functions
and the use of some combinatorics complete the proof. 
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Remark. It is easy to check that the values Φn−ℓax+ℓ,y+ℓ (2) can be treated
as the solutions of the homogeneous linear difference equation with the ”shifted”
coefficients.
Example. Define vn by the equation: v0 = 1, vn =
∑n−1
j=0 an,jvj (for n > 1).
The first terms of the sequence are as follows:
v1 = a1,0,
v2 = a2,0 + a1,0a2,1,
v3 = a3,0 + a1,0a3,1 + a2,0a3,2 + a1,0a2,1a3,2,
v4 = a4,0 + a1,0a4,1 + a2,0a4,2 + a1,0a2,1a4,2 + a3,0a4,3 + a1,0a3,1a4,3 + a2,0a3,2a4,3
+ a1,0a2,1a3,2a4,3.
Now by ”shifting” coefficients we can write out:
w4 = c4
+ a4,3c3
+ (a4,2 + a3,2a4,3)c2
+ (a4,1 + a2,1a4,2 + a3,1a4,3 + a2,1a3,2a4,3)c1
+ (a4,0 + a1,0a4,1 + a2,0a4,2 + a1,0a2,1a4,2 + a3,0a4,3 + a1,0a3,1a4,3 + a2,0a3,2a4,3
+ a1,0a2,1a3,2a4,3)w0.
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